The problem of the active fault tolerant control (FTC) with reconfiguration mechanism for linear systems with external disturbances is addressed with application of the supervisory control approach. Starting from the well known in FTC literature conditions for independent design of fault detection, isolation and fault compensation systems we propose new set of united conditions and the computational procedure providing mutual performance of the system. The efficiency of the approach is demonstrated on a flight system benchmark example.
INTRODUCTION
The continuously increasing requirements on safety and reliability of control algorithms lead to the design of reconfigurable fault tolerant control systems (see (Aström et al., 2000; Blanke et al., 2003; Boskovic and Mehra, 2002; Chen and Patton, 1999) and the references therein). Such systems have abilities to manage adequately faulty situations recovering control capabilities quickly in the presence of a fault. The main objective of FTC is to maintain the specified performance of a system in the presence of faults. Especial attention to the FTC design problem is paid in flight and aeronautic applications (Cieslak et al., 2008; Henry and Zolghadri, 2005) . Two approaches can be distinguished in this area: the passive and the active methods. In the passive approach, a unique control algorithm is designed to achieve the given objectives in healthy as well as in faulty situations (the robust controls). Unfortunately, guaranteed robustness to certain faults contradicts to quality preservation in the nominal mode. The active approaches react to fault events by using a reconfiguration mechanism ensuring the nominal performance in fault-free situations and some admissible level of performance in faulty situations (Zhang and Jiang 2002; 2003) . The great benefit of the active FTC approaches is that the fault tolerance does not degraded the performance level in normal (fault-free) operating mode. The active FTC is characterized by on-line fault detection and isolation with posterior faults compensation via a control reconfiguration mechanism. A subclass of active FTC approaches is based on precomputed control laws depending on the faults which have been identified by fault detection and isolation units (see (Staroswiecki and Berdjag, 2009 ) for instance), that we will consider in this work. In the reconfigurable FTC systems based on active approaches, the appearance of the control reconfiguration mechanism naturally leads to supervisory framework application to FTC design problem.
To explain the features of this approach consider the family of linear systems:
where
are state, control, output and disturbances respectively. It is assumed that in (1) all matrices i A , i B , i G , C and vectors i Δ , 1, i N = are known, they present the nominal fault models (the difference between the nominal fault shift i Δ and a real one ( ) i t Δ can be hidden in d ). The generic form of (1) allows for consideration the different types of faults, in actuators and in capacitors, for instance. For some {1,..., } i N ∈ = I the family (1) contains the fault-free model. Adding the switching signal : i R + → I , that determines the current value of the index in (1) for all 0 t ≥ , we obtain the linear switched system. Then the FTC design problem can be formulated as the standard problem of the switched system (1) stabilization (more precisely it is necessary to design a stabilizing control m R ∈ u for the system (1) ensuring the disturbances d attenuation).
The problem of supervisory FTC design has been widely addressed in the literature (Blanke et al., 1997; Blanke et al., 2003; Boskovic and Mehra, 2002) , and many approaches have been applied for independent optimization of the fault detection, isolation and compensation systems. The conditions of the switched system (1) stability equipped with the fault detection and compensation blocks are analyzed in the works (Yang et al., 2009a; 2009b) . The both works consider the scheme for simultaneous fault detection, isolation and compensation for nonlinear systems applying supervisory control approach under assumption that there is no external disturbances in the system ( 0 = d ). The work (Yang et al., 2009b) investigates the case when the full state vector x is available for measurements, then the procedure of faults detection and isolation is realized without additional filters by direct falsification of a candidate control after its substitution in the closed loop with plant. The index of the plant i is supposed to be constant. Under similar assumptions in the paper (Yang et al., 2009a ) the case of partial measurements ≠ y x is considered, then the observer based fault detection scheme is designed. Application of the supervisory FTC framework to nonlinear plants leads to rather complex stability condi-tions obtained in (Yang et al., 2009a; 2009b) .
The main contribution of this paper consists in the approach development that is oriented on the simultaneous design of the fault detection, isolation and compensation systems for (1). Contrarily the conventional approaches (Blanke et al., 1997; Blanke et al., 2003; Boskovic and Mehra, 2002; Henry and Zolghadri, 2005 ) the proposed procedure is based on overall optimization of the FTC system stability properties regardless a performance lost in each particular subsystem. Such a strategy leads to quality improvement for the whole system. The more detailed problem statement and the system description are given in the section below.
SUPERVISORY FTC SYSTEM STRUCTURE
To deal with the posed problem we are going to apply the approach for supervisory control design proposed in (Hespanha et al., 2002; 2003; Hespanha and Morse, 1995) . In accordance with (Hespanha et al., 2002; 2003; Hespanha and Morse, 1995) the supervisory control system has to include the multi estimator of the system (1) state (the block of the faults detection and isolation), the control algorithms for each 1, i N = (the block of the faults compensation) and the switching logic (the reconfiguration mechanism) that orchestrates the controls activation. Let us describe all these blocks consequently.
A. Multi estimator
This block for the system (1) consists in N Luenberger-type observers of the following form:
where n i R ∈ z is the state x estimation for the index 
and for the unmatched cases
The system (3) is asymptotically stable for the case 0 = d and has bounded solutions for any bounded disturbances, the properties of the errors j e are hard to determine from (4) since they depend on x and u (that may be unbounded for a wrong control choice). The property, that the matched estimation error i e stays bounded or converges to zero, can be used for detection of the index i value in (1).
B. Fault tolerant controls
The FTC block equations can be written as follows: 
A s s u m p t i o n 2. The matrices
The matrices i H describe dynamics of the system (1), (5) can be also performed in a way providing desired quality of disturbances attenuation in the closed loop system (1), (5). For the unmatched case connection of the plant (1) with the index i and the control (5) with the index j i ≠ may result in unbounded response.
C. Supervisor
The switching logic is a map :
that generates the switching signal
and assigns the current control algorithm from (5), which has to be activated in closed loop with the plant (1). In the ideal case ( ) t i σ → (the controls index match the plant one). The supervisor has to ensure right continuity of the signal ( ) t σ (Hespanha et al., 2002; 2003; Hespanha and Morse, 1999) (the signal has to be piecewise continuous and between any two jumps a time delay should exist). The design of the map H differs depending on operation conditions and the blocks (2), (5) properties.
D. Problem statement
The system (2) is responsible for the fault detection and isolation, then next the system (5) realizes the fault compensation. The assumptions 1 and 2 describe both mentioned properties of the systems (2) and (5). Under assumption 1 there exists a converging observer in (2), that may solve the detection problem. The assumption 2 states that being detected there exists a controller in (5) compensating the fault. Typically in FTC theory these blocks are designed independently optimizing some performance functionals (Henry and Zolghadri, 2005; Zhang and Jiang, 2008) . The observers (2) are designed to maximize their sensitivity to a particular fault and robustness against disturbances d . The controls in (5) are calculated to ensure 2 H / H ∞ performance. As it is well known, the optimality of the subsystems does not imply the same property for the whole system. In our case the optimal properties are critically dependent on the supervisor (6).
In this work we are going to present an approach to the sysPreprints of the 18th IFAC World Congress Milano (Italy) August 28 -September 2, 2011 tem (1), (2), (5), (6) design oriented on the mutual performance optimization of this switched system. For this purpose we have to choose a characteristic of the hybrid system (1), (2), (5), (6) to be optimized in parallel with the conventional ones used for the observers (2) and controls (5) design. For this purpose in this work we take the minimal admissible time between switches. It is well known fact (Liberzon, 2003) that switching among stable linear systems does not lead to instability if the delays between switches are big enough (the minimum delay between switches is called dwell-time (Liberzon, 2003) ), this is why the strategy oriented on these delays increasing is frequently applied in practice to ensure stability in switched systems. However, for FTC systems such approach is not admissible, since it results in the time of fault detection and isolation increasing. Additionally, it may lead to more long period of a wrong control activation for the faulty plant. The both shortages are inadmissible for FTC systems from practical point of view. Then the minimization of the dwell-time value for the supervisory FTC system (1), (2), (5), (6) looks reasonable.
The conditions of the supervisory FTC system (1), (2), (5), (6) is presented in section 4. The influence of the dwell-time value on the system performance is also evaluated in sections 3 and 4. Next, based on these results new computation procedure for the conditions verification and the FTC system (1), (2), (5), (6) synthesis is formulated in section 5. Application to a flight safety control system is considered in section 6.
THE CASE WITHOUT DISTURBANCES
In this section we assume that ( ) 0 t = d for all 0 t ≥ . In this case for each fixed plant index i ∈ I according to (3) there exist 0 Define the switching logic as follows: ensures time delay between any two switches and absence of chattering. The switching logic (7)−(9) is similar to the hysteresis one used in (Hespanha et al., 2002; 2003) .
T h e o r e m 1 . 
Ce Ce ■
All proofs are excluded due to space limitations. The proof idea is based on the observation that the switched system dynamics (1), (2), (5) 
where 
T T N
z z contains all N terms), then for any active control k ∈ I from (10) we have:
Owing the standard results on dwelltime switched systems stability (Liberzon, 2003; Morse, 1995; Xie et al., 2001; Efimov et al., 2008) the value of D τ should be taken to satisfy
where 0 1 < λ < is a design constant, (1), (2), (5), (7)−(9) possess the estimate
An example of the dwell-time D
Τ choice is as follows:
where 0 1 < λ < is a design constant and 0
Thus, under conditions of corollary 1 the system (2), (5), (7)−(9) realizes a reconfigurable fault tolerant control algorithm for the plant (1). The accuracy of the fault tolerant control realized by (2), (5), (7)−(9) depends on ability of the multi-estimator (2) to detect the correct current mode of the system (1) (i.e. on the amplitude of the error δ ).
THE CASE WITH DISTURBANCES
The previous section results can be easily extended to the case ( ) 0 
the solutions of (1), (2), (5), (7)−(9) possess the estimate
does not change the properties of the dwell-time supervisor (7)−(9). The system (1), (2), (5) in this case demonstrates proportional deviations from the unperturbed behavior.
Sections 3 and 4 present the stability conditions and the expression for dwell-time computation, in other words they are devoted to the FTC system analysis, the synthesis phase is presented in the next section.
FTC DESIGN
In this section we are going to propose the computation procedure for the supervisory FTC system (1), (2), (5), (6) synthesis finding a trade-off between dwell-time value optimization and the estimator (2) or the FTC (5) sensitivity/robustness.
The assumption 1 fixes the stability property of the estimator. In practical application additional requirements are imposed on the matrices i L to increase sensitivity to faults and robustness with respect to disturbances. Typically (Henry and Zolghadri, 2005) , the matrices i L are derived as solutions of the following (1), (5) 
The constrained optimization problems (12), (13) provide the independent solutions for the multi-estimator (2) and FTC (5) design. The principal novelty of the present paper consists in proposition of mutual redesign of (2), (5), (6) to ensure global performance and stability of the resulted switched system taking into account properties of the supervisor. As a global performance criteria it was proposed to use the value of the dwell-time D τ (that determines the fastest admissible switches period among the fault tolerant control laws (5)) and D Τ (that defines the admissible rate of faults in the system). By admissible we mean that switching with these dwell-times do not destroy the system stability. The value D Τ serves as a complementary characteristic of the system, but the value D τ violation may lead to the system (1), (2), (5), (6) ( ,..., ; ,..., ) , 
where (14) defines the optimization criteria and (15) 
where (16) defines the optimization criteria and (17), (18) state for the constraints to be satisfied, 1 and 2 are positive design parameters.
Let us stress, that (14), (15) and (16)−(18) belong to the class of nonlinear optimization problems. Despite the considered system (1) and the observers (2) with the controls (5) are linear, the closed by the supervisor (6) system is switched and, hence, nonlinear. Consequently, any optimization problem oriented on mutual (2), (5), (6) design and global performance optimization becomes a nonlinear one.
APPLICATIONS
A fourth order F-8 aircraft model (Zhang and Jiang, 2008 are the two aileron deflections on the wing). FTC system design for the case of stuck actuators is addressed.
The system matrices for the fault free case in (1) have form: 
The faults correspond to scenarios with stuck actuators, thus to design FTC system (2), (5), (6).
Three control laws and observers have to be designed for the multi-estimator (2) and for the bank of controls (5). The case of independent design is performed in accordance with (12), [sec]. The results of the system simulation are shown in Fig.  1 . In Fig. 1 ,a the bank angle φ trajectory with the its reference r φ are plotted, the signals ( ) i t and ( ) t σ are presented in Fig. 1,b, For the simulation the observers poles have been chosen to minimize detection delays and the actual detection times are proportional to D τ (see Fig. 1,b) . However, due to strict instability of the plant subjected by stuck faults, even such small detection time results in significant deviations of the regulated variable from its reference (Fig. 1,a) .
CONCLUSION
The problem of the active fault tolerant control for linear systems with external disturbances is solved with application of the supervisory control approach. Starting from the well known independent design of fault detection, isolation and compensation systems we propose the new design procedure providing overall performance of the system. The efficiency of the approach is demonstrated on F-8 flight system benchmark example.
